We consider the radius of convergence of a Lamé function by rearranging the order of terms in its series. And we show why Poincaré-Perron theorem is not applicable to the Lamé equation.
Introduction
A sphere is a geometric perfect shape, a collection of points that are all at the same distance from the center in the three-dimensional space. In contrast, the ellipsoid is an imperfect shape, and all of the plane sections are elliptical or circular surfaces. The set of points is no longer the same distance from the center of the ellipsoid. As we all know, the nature is nonlinear and geometrically imperfect. For simplicity, we usually linearize such systems to take a step toward the future with good numerical approximation. Indeed, many geometric spherical objects are not perfectly spherical in nature. The shape of those objects are better interpreted by the ellipsoid because they rotates themselves. For instance, ellipsoidal harmonics are shown in the calculation of gravitational potential [11] . But spherical harmonics are preferable to mathematically complex ellipsoid harmonics; the 2-term recursive relation of a series solution starts to appear in spherical harmonics, and the 3-term recurrence relation of a power series is represented in ellipsoid harmonics.
Lamé equation (ellipsoidal harmonic equation) is a second ordinary differential equation which has four regular singular points in the method of separation of variables applied to the Laplace equation in ellipsoidal coordinates [6] . Its functions are applicable to diverse areas such as boundary value problems in ellipsoidal geometry, Schrödinger equations for various periodic and anharmonic potentials, the theory of Bose-Einstein condensates, group theory to quantum mechanical bound states and band structures of the Lamé Hamiltonian, etc.
As we apply a power series into the Lamé equation in the algebraic form or Weierstrass's form, the 3-term recurrence relation starts to arise and currently, there are no general analytic solutions in closed forms for the 3-term recursive relation of a series solution because of their mathematical complexity [1, 4, 13] . However, most of well-known special functions (Hypergeometric, Bessel, Legendre, Kummer functions, etc) are well-defined and their mathematical structure of series expansions are well-represented because their series solutions consist of a 2-term recursion relation.
The radius of convergence for an infinite series of the Lamé equation in the algebraic form
Lamé equation is a second-order linear ordinary differential equation of the algebraic form [6] d 2 y dx 2 +
and it has four regular singular points: a, b, c and ∞. Assume that its solution is
Substituting (2.2) into (2.1) gives for the coefficients c n the recurrence relations
We have two indicial roots which are λ = 0 and 1 2 . Parameters b and c are identical to each other in (2.4).
The generating function of the sequence in the 3-term recurrence relation with constant coefficients
The 3-term recursive relation is given by
where c 1 = A, and c 0 = 1 is chosen for simplicity from now on. For n = 0, 1, 2, · · · in succession, (2.5) gives
Let assume that the generating function of the sequence for the 3-term recurrence relation is absolutely convergent, and then we can rearrange of its terms for a series solution. Indeed, the sum of any arbitrary series is equivalent to the sum of an initial series. In (2.6) each sequence c n gives a description of a sum involving terms of the form aA i B j where exponents i and j are nonnegative integers, and the coefficient a of each term is a specific positive integer depending on i and j. The number of a sum of all coefficients a in the individual sequence c n follows Fibonacci sequence: 1,1,2,3,5,8,13,21,34,55,· · · .
When the generating function y(z), analytic at z = 0, is expanded in a power series, we write
y τ (z) is sub-power series that have sequences c n including τ term of A's in (2.6) . For examples, y 0 (z) has sequences c n including zero term of A's in (2.6), y 1 (z) has sequences c n including one term of A's in (2.6), y 2 (z) has sequences c n including two term of A's in (2.6), y 3 (z) has sequences c n including three term of A's in (2.6), etc. First observe the term of sequences c n which does not include any A's in (2.6): c n with even subscripts (c 0 , c 2 , c 4 ,· · · ). c 0 = 1
. . . . . . 
Observe the terms of sequence c n which include two terms of A's in (2.6): c n with even subscripts (c 2 , c 4 , c 6 ,· · · ).
We write a solution as
The function y 3 (z) for three terms of A's is given by
By repeating this process for all higher terms of A's, we are able to obtain every y τ (z) terms where τ ≥ 4. Substitute (2.9), (2.11), (2.13), (2.14) and including all y τ (z) terms where τ ≥ 4 into (2.7).
A real (or complex) series ∞ n=0 u n is referred to converge absolutely if the series of moduli ∞ n=0 |u n | converge. And the series of absolute values (2.15) is
This double series is absolutely convergent for |x| + |ỹ| < 1. (2.15) is simply 
Here, a numerator (and a denominator) of A n (and B n ) is a polynomial of degrees 2. And the coefficient of a term having degree 2 is the unity.
Given any positive error bound and a positive integer N, n ≥ N implies that A n , B n < 1+ in (2.4). And we denoteÃ = (1 + )A,B = (1 + )B for better simple notation from now on.
For n = N, N + 1, N + 2, · · · in succession, take the modulus of the general term of d n+1 in (2.3)
Here, c j where j ∈ N 0 is a sequence of the 3-term recurrence relation for a generating function in (2.6). And we take A → |Ã| and B → |B|.
According to (2.17), then the series of absolute values, 1 + |d 1 ||z| + |d 2 ||z| 2 + |d 3 ||z| 3 + · · · , is dominated by the convergent series
From the generating function for the 3-term recurrence relation in (2.16), we conclude
Therefore, a Lamé series for the 3-term recurrence relation is convergent for
The coefficients a, b and c decide the range of an independent variable z as we see (2.20) . More precisely, Range of the coefficients a, b and c Range of the independent variable z As a = b or a = c no solution 
and an independent variable x = sn 2 (z, ρ) [3, 12] . Its equation in Weierstrass's form is represented as we apply the method of separation of variables to Laplace's equation in an ellipsoidal coordinate system [6] .
The Lamé equation in Weierstrass's form is referred as
where ρ and α are real parameters such that 0 < ρ < 1 and α ≥ − which gives sn(z, ρ) = sin (am(z, ρ)). am(z, ρ) is the Jacobi amplitude and ρ is the modulus of the elliptic function sn(z, ρ). If we take sn 2 (z, ρ) = ξ as an independent variable, (3.1) becomes
This is an equation of Fuchsian type with the four regular singularities: ξ = 0, 1, ρ −2 , ∞. The first three, namely 0, 1, ρ −2 , have the property that the corresponding exponents are 0, 1 2 which is the same as the case of Lamé equation in the algebraic form. Now, comparing (3.2) with (2.1), two equations are equivalent to each other with correspondence In the case of ρ ≈ 0 assuming ρ is approximately close to 0, (3.4) turns to be sin 2 z < 1. If z ∈ R, its radius of convergence is 0 ≤ sin 2 z < 1. is equal to one of the roots of the characteristic equation in 1885 [10] . And a more general theorem has been extended by O. Perron in 1921 [9] such that lim n→∞ u i (n + 1) u i (n) = λ i where i = 1, 2, · · · , k and λ i is a root of the characteristic equation, and n → ∞ by positive integral increments.
Putting 
The recurrence relation of (4.2) is given by
with seed values c 1 = A and c 0 = 1 is chosen for simplicity; (4.3) is the same as (2.5). The roots of a polynomial (4.2) have two different moduli such as
If |r 1 | < |r 2 |, then lim |c n+1 /c n | → |r 2 | as n → ∞ in general, so that the radius of convergence for a 3-term recursion relation (4.3) is |r 2 | −1 : as if |r 2 | < |r 1 |, then lim |c n+1 /c n | → |r 1 | as n → ∞, and its radius of convergence is increased to |r 1 | −1 ; and if |r 1 | = |r 2 | and r 1 r 2 , lim n→∞ |c n+1 /c n | does not exist; if r 1 = r 2 , lim n→∞ |c n+1 /c n | is convergent. More explicit details are explained in Appendix B of part A [12] and various text books [1, 5, 14] . We obtain two different moduli by putting (4.1) in (4.4) such as
ρ is mostly between 0 and 1, then we have |r 1 = ρ 2 | < |r 2 = 1| in (4.5). And Poincaré-Perron theorem tells us that the radius of convergence for an independent variable sn 2 (z, ρ) is |sn 2 (z, ρ)| < 1. If z, sn(z, ρ) ∈ R, then the boundary condition of sn 2 (z, ρ) is 0 ≤ sn 2 (z, ρ) < 1 (4.6) The corresponding domain of convergence in the real axis, given by (4.6), is shown shaded in Fig. 2 ; it does not include solid lines, and maximum modulus of sn 2 (z, ρ) is the unity.
As we compare (3.5) with (4.6), both boundary conditions for radii of convergence are not equivalent to each other: the boundary condition of sn 2 (z, ρ) in (4.6) is derived by the ratio of sequence c n+1 to c n at the limit n → ∞. And originally, the radius of convergence of sn 2 (z, ρ) in (3.5) is derived from (2.18). Also, it can be constructed by rearranging coefficients A and B in each sequence c n in (4.3).
For the simple numeric computation, we say ||A n | − |A|| , ||B n | − |B|| < for ∀n in (2.4). Simply, we treat A n and B n terms as the unity in (2.4), and its recurrence relation is equivalent to 9 (4.3). Let assume that Poincaré-Perron theorem provides us the radius of convergence for a solution in series. Then we know that a solution of its power series is absolutely convergent and we can rearrange of its terms for the series solution. Consider the following summation series such as Table 2 informs that y(ξ) is divergent as N → ∞. And we notice that the radius of convergence obtained by Poincaré-Perron theorem is not available for a solution in series of the Lamé equation.
Theorem 2. We can not use Poincaré-Perron theorem to obtain the radius of convergence for a power series solution. And a series solution for an infinite series, obtained by applying Poincaré-Perron theorem, is not absolute convergent but only conditionally convergent.
Thm.2 is proved by rearranging the order of the terms in series [2] . In order to answer a reason why we take errors of the radius of convergence obtained by Perron's rule, first of all, let us think about a series expansion of (4.3) such as ∞ n=0 c n ξ n = 1 + Aξ
In general, a series ∞ n=0 c n ξ n is called absolutely convergent if ∞ n=0 |c n ||ξ| n is convergent. Take moduli of each sequence c n and ξ in (4.9) ∞ n=0 |c n ||ξ| n = 1 + |A||ξ|
The Cauchy ratio test tells us that a series is absolute convergent if lim c n+1 c n |ξ| as n → ∞ is less than the unit. And Poincaré-Perron theorem give us the value of lim n→∞ c n+1 c n in (4.10). However, we can not obtain the radius of convergence using this basic principle. We must take all absolute values inside parentheses of (4.9) such as ∞ n=0 |c n ||ξ| n = 1 + A |ξ| + |A| 2 + |B| |ξ| 2 + |A| 3 + 2 |A| |B| |ξ| 3 + |A| 4 + 3 |A| 2 |B| + |B| 2 |ξ| 4 + |A| 5 + 4 |A| 3 |B| + 3 |A| |B| 2 |ξ| 5 + · · · (4.11)
The more explicit explanation about this mathematical phenomenon is available in Ref. [2] . Take all absolute values of constant coefficients α i of the characteristic equation in Thm.1
suggesting the roots of its characteristic equation as λ 1 , ..., λ k . And lim u i (n+1)
as n → ∞ in Thm.1 is equivalent to λ i . With this reconsideration, the corrected radius of convergence for a Lamé function is equivalent to (3.5) since 0 < ρ < 1 where z, sn(z, ρ) ∈ R. Fig.3 represents two different shaded areas of convergence in Figs.1 and 2: In the bright shaded area, the domain of absolute convergence of the series for the Lamé equation around sn 2 (z, ρ) = 0 is not available; it only provides the domain of conditional convergence for it, and the dark shaded region shows the one of its absolute convergence. [3, 12] .
With the condition = α + β − γ − δ + 1. The parameters play different roles: a 0 is the singularity parameter; α, β, γ, δ, are exponent parameters; q is the accessory parameter. The total number of free parameters is six. It has four regular singular points which are 0, 1, a and ∞ with exponents {0, 1−γ}, {0, 1−δ}, {0, 1− } and {α, β}. Typically, the local Heun function is called a Heun function at the singular point x = 0 with an exponent 0, denoted Hl (a, q; α, β, γ, δ; x).
Comparing (3.2) with (.1), all coefficients on the above are correspondent to the following way.
The radius of convergence for a local series of a Heun function Hl (a, q; α, β, γ, δ; x) about x = 0 is given by [2] − 1 a
Replace coefficients q, α, β and δ by q − (δ − 1)γa, α − δ + 1, β − δ + 1 and 2 − δ into Hl (a, q; α, β, γ, δ; x) and (.3). Put (.2) into the new Hl (a, q; α, β, γ, δ; x) and the new (.3).
The radius of convergence for Hl ρ −2 , − 1
For the case of z, sn(z, ρ) ∈ R where 0 < ρ < 1, the boundary condition of sn 2 (z, ρ) in (.4) is given by
Replace coefficients q, α, β, γ and δ by q − 
For the case of z, sn(z, ρ) ∈ R where 0 < ρ < 1, the boundary condition of sn 2 (z, ρ) in (.6) is
Range of the coefficient ρ Range of the independent variable sn 2 (z, ρ) given in Table . 3. For ρ = 1/ √ 2, (.6) turns to be 1 − sn 2 (z, 1/ √ 2) < 1. If z, sn 2 (z, 1/ √ 2) ∈ R, its radius of convergence is 0 < sn 2 (z, 1/
Replace coefficients a, q, α, β, γ, δ and x by 1 − a, −q + (δ − 1)γa The radius of convergence for
For the case of z, sn(z, ρ) ∈ R where 0 < ρ < 1, the boundary condition of sn 2 (z, ρ) in (.7) is given in Range of the coefficient ρ Range of the independent variable sn 2 (z, ρ) For the case of z, sn(z, ρ) ∈ R where 0 < ρ < 1, the boundary condition of sn 2 (z, ρ) in (.9) is given in Table . 5. For ρ = 1/ √ 2, (.9) turns to be sn 4 (z,1/ √ 2) (sn 2 (z,1/ √ 2)−2) 2 < 1. If z, sn(z, 1/ √ 2) ∈ R, its radius of convergence is 0 ≤ sn 2 (z, 1/ √ 2) < 1.
Range of the coefficient ρ Range of the independent variable sn 2 (z, ρ) As 1 √ 2 < ρ < 1 0 ≤ sn 2 (z, ρ) < 1 2ρ 2
As 0 < ρ < 1 √ 2 0 ≤ sn 2 (z, ρ) < 1 The radius of convergence for Hl ρ −2 , − 1 4 hρ −2 − (α + 1) 2 ; 1 2 (α + 1), − 1 2 (α − 2), 1 2 , 1 2 ; sn 2 (z,ρ)−1 ρ 2 (sn 2 (z,ρ)−ρ −2 ) is given by (sn 2 (z, ρ) − 1) 2 ρ 2 (sn 2 (z, ρ) − ρ −2 ) 2 + (1 + ρ 2 )(sn 2 (z, ρ) − 1) ρ 2 (sn 2 (z, ρ) − ρ −2 ) < 1 (.12)
For the case of z, sn(z, ρ) ∈ R where 0 < ρ < 1, the boundary condition of sn 2 (z, ρ) in (.12) is given by (1 + ρ 2 ) 2 − (1 − ρ 2 ) ρ 4 + 6ρ 2 + 1 4ρ 2 < sn 2 (z, ρ) ≤ 1
